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Abstract 

^ . We study the superstring theory on pp-wave background with NSNS-flux that is 

^ ■ 

reahzed as the Penrose hmit of AdS^ x x M"^, where M'^ is T'^ or T'^/Z2{= K3). 
^ , Quantizing this system in the covariant gauge, we exphcitly construct the space-time 

■ supersymmetry algebra and the complete set of DDF operators. We analyse the spec- 
trum of physical states by using the spectrally flowed representations of current algebra. 
This spectrum is classified by the "short string sectors" and the "long string sectors" 
as in AdS^ string theory. The states of the latter propagate freely along the transverse 
plane of pp-wave background, but the states of the former do not. We compare the 
short string spectrum with the BPS and almost BPS states which have large R-charges 
in the symmetric orbifold conformal theory, which is known as the candidate of dual 
theory of superstrings on AdS^ x x M^. We show that every short string states 
can be embedded successfully in the single particle Hilbert space of symmetric orbifold 
conformal theory. 



1 Introduction 



Recently the string theories on pp-wave backgrounds have been studied intensively. They 
are realized by the Penrose limits of the string theories on AdS spaces and it has just 
discovered that the string theory on pp-wave background with RR-flux can be quantized in the 
light-cone gauge The authors of applied these facts to the AdS /C FT correspondence 
1^ and they have made a remarkable progress beyond the supergravity approximation. More 
precisely, they considered the "almost BPS states" with large R-charges, which slightly break 
supersymmetry, and succeeded in constructing the single trace operators describing the string 
excitations in the large N supersymmetric Yang-Mills theory. Many developments have been 
presented since then. The orbifoldizations and the extensions including D-branes have 
been investigated widely and the other recent developments are given in |], |, 1^, |Tl|, |12|, |13|. 

The cases of the Penrose limits of AdS^ x S'^ are somewhat special because we can also 
consider the NSNS-flux. Such backgrounds are exactly soluble as noncompact WZW models 
associated with the 6-dimensional Heisenberg group {Hq), which are simple generalizations of 
the Nappi-Witten models Contrary to the cases with RR-flux[|, we can quantize these 
systems covariantly by using the standard NSR formalism of superstring theory. 

The superstring theory on AdS^ x x (M^ = or K3) with NSNS-flux is realized 
as the near horizon limit of NS1-NS5 system |T5[. This is a system of great importance 
because it gives a possibility to make analysis beyond the supergravity approximation. The 
famous candidate of the dual theory is the 2-dimensional Af = (4, 4) non-linear cr-model on 
the symmetric orbifold Sym^^^^iM^) = {M^'f^'^^/Sq^Q, 0, (Qi and Q5 are the NSl 
and NS5 charges, respectively.) There are many attempts to understand this duality from 
the world-sheet picture of string theory (e.g., |18|, [l^). One of the important tests of this 
duality is the comparison of the spectrum of BPS states. The BPS states with small R-charges 
are explicitly identified [EH, |2ll], and the higher R-charged BPS states are also reproduced 



successfully in P2| , P3| with the help of the spectral flow symmetry |2^. However, the 
analysis beyond the BPS spectrum has been difficult and still incomplete. 

In order to overcome this difficulty we shall follow the idea of 0. More precisely, we will 
concentrate on the states which possess very large R-charges and break the BPS condition 
slightly. These states are often called as "almost BPS states" . The sectors of such states are 
well described by taking the Penrose limit. Under this limit, the string theory on AdS^^ x 

X reduces to the WZW model on HqX M^, as we mentioned above. This model is 
much easier to treat and the string Hilbert space is expected to be completely analysed. 

In this paper, motivated by these observations, we study the superstrings on the pp-wave 



^The quantization of the case with RR-flux in the covariant gauge is discussed recently in |K 
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backgrounds with NSNS-flux, more precisely, Hq x spaces (M^ = T^, T^/'L2) in the 
covariant gauge quantization. We construct the space-time supersymmetry algebra by using 



the physical string vertices in the manner similar to [15| and present the complete set of DDF 
operators. From this result we investigate the spectrum of physical states. In this analysis 
the spectrally flowed representation plays an essential role just as in the case of AdS^ string. 
The spectrum is classified by the "short string sectors" and the "long string sectors" as in 
AdSg, string theory . The strings of former sectors cannot propagate along the transverse 
plane of pp-wave geometry, while the strings of latter sectors freely propagate and have a 
continuous spectrum of light-cone energies. Finally we compare the short string spectrum 
with the (almost) BPS states in the conformal field theory on symmetric orbifold. We find 
out successfully the natural embedding of all the string states in the single particle Hilbert 
space of symmetric orbifold theory. We also comment on the existence of many missing states, 
which should be identified with the non-perturbative excitations in string theory side. 



This paper is organized as follows. In section 2, which is a preliminary section, the space- 
time supersymmetry ("super pp-wave algebra") in the x background is examined by 
contracting the supersymmetry algebra of superstring theory on AdS^ x x T^. In section 
3, we quantize the superstring theory on ifg x T'^ in the covariant gauge and construct the 
physical vertices generating the super pp-wave algebra and the complete set of DDF operators. 
From this result we analyse the spectrum of physical states explicitly. In section 4, starting 
with a short review of the symmetric orbifold, we compare the (almost) BPS spectrum with 
the string spectrum on the pp-wave background. We also discuss the extension to the case of 

X T'^/Z2(= X K?)) in section 5, and the section 6 is devoted to conclusion and discussion. 



2 Space-time Superalgebra of PP-Wave Background 

In this preliminary section we examine the supersymmetric algebra of pp-wave background 
by contracting that of AdS-^ xS^. It is well-known that the supersymmetry in the background 
AdSz X is represented by the super Lie group PSU{1, 1|2) x PSU{1, 1|2). The even part 
corresponds to the isometry of this background. The isometry of AdS^, space is identified as 
SU{1, 1) X SU{1, 1)(^ SL{2; R) x SL{2; R)) ~ 50(2, 2) and the isometry of is identified 
as SU{2) X SU{2) ~ S'0(4). We denote the generators of SU{1,1) Lie algebra as m"^ 
{a, (3 = 1,2), and the generators of SU{2) Lie algebra as nt ■ = 1,2) by following the 
notation of (Here, we concentrate on the holomorphic sector and the anti-holomorphic 
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sector can be defined in the similar way.) The commutation relations are given by 

[m"^, m\] = 5\m-, - b\m\ , [m^^, m\\ = 6'^m\ - 5\m'^ , (2.1) 
and the Hermitian conjugations are defined as 

(m\)^ = m\ , (m\)^ = m^2 > ("^^2)^ = > 

(m\)t = m\ , (m\)t = -m^^ , {m^^)^ = -m^j . (2.2) 

The generators of odd sector and correspond to 8(+8) supercharges and the commu- 
tation relations are 

{g^.,/,} = ^(5^•< + 5'lm^) . (2.3) 
The Hermitian conjugations are defined as 

(q\)^ = -iq\ , (q\y = -iq% , (q'^Y = iq\ , (q^Y = iq\ , 

Now, we take a light-cone basis and a Penrose limit. First, we consider the even sector. 
We redefine the generators as 



-m\ + m\ , F = - (m\ + m^j) , 



7-) ^ 2 o* ^1 

P2 = , p* = - ^^'i , (2-5) 



and take the limit of i? — cxd. Then wc obtain the commutation relations as 

[J, Pi] ^ Pi, [J,P:]^-P:, [Pi,P;]^SijF , (2.6) 

which is the same as the ones of Hq Lie algebra. The Hermitian conjugations are given by 

(J)t = J , (F)t = F , (P,)t = P* , {P*y = P, . (2.7) 

The analysis of odd part can be done just like the even part. We redefine the generates 
of odd sector as 

^ 1 I L 1 



= iq\ , = i^'i , (2.8) 



and take the limit of i? — oo. The commutation relations with the generators of even sector 
becomes 

[J, = g++" , [J, Q—] = _g— , 

[Pi, = -Q^^"" , [Pi, = Q-"" , 

[P2, g+-1 = -Q^^" , [P;, g-+1 = -Q-~^ , (2.9) 

and the other commutation relations vanish. The anti-commutation relations among odd 
sector are obtained as 

{g-+", g++''} = e'^^Pa , g^^'} = e^'p; • (2.10) 

The Hermitian conjugations are given by (g'i'"2,e3)t = Q-ei,-e2,-e3_ rj.^^ authors of @ obtained 
the superalgebras of the pp-wave backgrounds by contracting the superalgebras of AdS^ x 5*^, 
^^5*4 X S'^ and AdSj x 5"'. Our result is the counterpart of the case of AdS^ x and we 
obtain the supersymmetric extension of Hq Lie algebra. 



3 Superstring Theory on PP-Wave Background with 
NSNS-Flux 

The superstring theory on the AdS^ x S'^(xiVP') (M"^ = T'^ or K3) with NSNS-fiux can 
be described by the S'L(2; R) x SU{2) super WZW model. The Penrose limit is realized 
by contracting these currents [^] and it becomes the WZW model whose target space is 6 
dimensional Heisenberg group Hq. This kind of models were investigated in |28, 29, 3^ and 
studied recently with newer motivations [0, 11, 13]. The sigma model approach of quantization 
was taken in |3^, ^] and the current algebra method was developed in J 



11 1 by using free 



field realization. Although these two approaches should be equivalent, we shall use the latter 
method, because the similarity with the analysis developed in [jl5| for the case of AdSs, x 
becomes more transparent. 



3.1 Hq Super WZW Model as a Penrose Limit 

The superstring theory on the AdS^ x can be described by the SL{2; R) x SU{2) super 
WZW model. We set the level of each current algebra to an equal value k G Z>o. (The bosonic 
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parts of current algebras SL{2; R) and SU{2) have the levels k + 2 and k — 2, respectively). 
This system is described by the super current algebras 

J^{z,e) = ^^p^(z)+ej^{z) (for ^L(2;R)) , 

9) = yfx'^l^) + OK^iz) (for SU{2)) . (3.1) 

The "total currents" J^{z) and K^-^z) {A, a = ±,3) satisfy the following operator product 
expansions (OPEs) 

J'{z)j'{w) ^ -—^^ , J\z)j^{w) ^-^^^""^ 



2{z — wY ' z — w '' 

. ^ , ^ k 2J^(w) 

/<-+WA'-W~r-^5 + ^^' (3,3) 

(2; — wj^ z — w 

and the free fermions ip^ and x'* are defined by the OPEs 

1 2 

4)^{z)4)^{w) ~ — , {z)4)' (w) 



z ■ ■ ■ ■ z — w ^ 



X'iz)x%w) ~ - , x^iz)x-iw) — , (3.4) 

z z — w 



and transformed by the action of the total currents as follows 



z — w 

JHzW{w)^T-^ , (3.5) 



ir^(^)x^(«;)~x'(^)i^^(«;) 

ir±(^)x^(«;)~±^^ , (3.6) 
z — w 

The Penrose limit of this model is given by a noncompact super WZW model associated 
with the 6 dimensional Heisenberg group Hq, which is a natural generalization of the Nappi- 



Witten model ||2^, 0. According to we can obtain the supercurrents of this model 
by contracting those of the SL{2; R) x SU{2) model. We redefine the supercurrents (|3.1|) as 

J{z,9) = IC'{z,e) + j\z,9) , J^{z,9) = ^{}C%z,9)-J^{z,9)) , 
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V2iz,e) = -L/c+(^,^), v;iz,e) = l=ic~{z,e) , (3.7) 

and take the limit k ^ oo with keeping the eigenvalues of — Jq order 0{k) but the 
eigenvalues of Kq + Jq much smaller than k. Then we obtain the supercurrent algebra of the 
super WZW model as 

J{e, z) = ^j{z) + ej{z) , ^(0, z) = ^f{z) + 9F{z) , 

r.{9,z) = i:pXz) + 9P,{z) , v*{e,z) = ijp^{z) + ep:{z) , (3.8) 

where i = 1,2. The total currents J{z), F{z), Pi{z) and P*{z) satisfy the OPEs 

J{z)P,{w) ~ , J{z)Pi{w 



z — w z — w ^ 



p.{z)pnw) ~ f + ^^""^ 



{z — wY z — w J ' 
Az)Fiw) ~ . \, . (3.9) 

Other OPEs have no singular terms. Their superpartners ipj, ipF, ^ind ipp* are free 
fermions defined by 

^pXz)^p;H ^ , M^)Mw)^^—. (3.10) 
^ z — w z — w 

The total currents J, F, Pj and P* non-trivially act on these free fermions as 



J{z)^PpXw) ~ ipj{z)Pi{w) 



z — w ^ 



J{z)i;p4w)^i;j{z)P*{w)^ "^""^ 



z — w 



P.{z)i^P;{w) ~ i>pXz)P;{w) ~ 5.,^ . (3.11) 
^ z — w 

The physical meaning of this contraction is clear. In the context of AdS^/ CFT2 cor- 
respondence, the eigenvalue of — Jq corresponds to the conformal weight A (and also the 
space-time energy) in the boundary conformal theory and the eigenvalue of Kq is interpreted 
as the space-time R-charge Q. Therefore we can expect that the above contraction amounts 
to focusing on the states of string theory on AdS^ x (or the boundary conformal theory) 
that are very close to the BPS bound and have large R-charges. We call them as "almost 
BPS states" according to and they are characterized more precisely as 

A + g~A;>l, A-g<A;. (3.12) 
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The M = 1 superconformal symmetry is realized as follows. Because the total currents 
have non-trivial OPEs with fermions, it is convenient to introduce the "bosonic currents" 
which can be treated independently of fermions. They are defined as 

J = J - ipp^ipp* - ^pp^ijjp* , F = F , 

P, = P,-iPf^Ijp^, P* = P* + ^ljp,Pp. ^ (3.13) 

which again satisfy the same OPE ( |3.9| ) but have no singular OPEs with the free fermions. 
The M = 1 supercurrent is now defined in the standard fashion 



G = j^pF + F^j + J2iPii^p: + P:^i + ^Fi^p.^p*) 

i=l 
2 

= Jijp + Fijj + Y.iPii'P: + Pi'Pi) ' (3-14) 



1=1 



and the total currents can be given by acting G on the fermions ipj, i^F, i^Pi and tpp* as it 
should be. 

The analysis can be performed by using the abstract current algebra techniques in prin- 
ciple. However, it is easier to make use of the following free field realizations as given in p8| . 
We introduce the free bosons X"*", X~, Zi and Z* (i = 1, 2) defined by the OPEs 

X+{z)X-{w) ~ -ln(2- , Zi{z)Z*{w) ~ -5ij\Yi{z-w) , (3.15) 

and rewrite the fermions ipj, ipp, '4' Pi and ipp* as 

^^ = ^+, ^j = ^-, =^,e^^\ ^p,=^le-'^\ (3.16) 

where the new fermions are defined by 

^+(^)V>-(w) — , iJ^{z)rAw) ~ . (3.17) 

z — w ■' z — w 

The total currents can be now expressed as 

F = idX+ , J = idX- , 

= e*^^ (idZ, + ^+^i) , P* = e-'^"" (idZ* - ij-'tlj*) , (3.18) 

and the bosonic currents are written as 

F = idX+ , J = idX- - ^pi^pl - ^/-s^a - 2i(9X+ , 

p. = e'^^idZi , P* = e-'^^tdZ* . (3.19) 
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In terms of these free fields the superconformal current is rewritten as the standard form of 
fiat background 

G = ijj+idX- + ij-idX+ + ij*idZi + i/jiidZ* . (3.20) 

We also introduce the free fields and A* {i = 1, 2, 3, 4) to describe the remaining sector 
as 

X\z)X^{w) ^ , Y\z)Y^{w) ~ -6'^ \n{z - w) . (3.21) 

z — w 

In order to analyze the space-time fermions, we have to introduce the spin fields, which 
are defined by using the bosonized fermions. We bosonize the fermions as 



e^'^^ , (3.22) 



and define the spin fields as 



^^°™^^=exp|^^^6,if, I . (3.23) 



The GSO condition imposes 111=0 9 ~ +-'- convention of this paper. Precisely speaking, 

the OPEs including the spin fields are affected by the cocycle factors and they depend on the 
notation of gamma matrices. We summarize our convention of gamma matrices in appendix 
A. 



3.2 Hilbert Space of Hq Super WZW Model 

The irreducible representations of the current algebra of Nappi-Witten model (that is 



the Hi WZW model) are classified in It is easy to extend to the case of Hq super 

WZW model. We shall here focus on the "type II" representation (corresponding to the 
highest weight representation of the zero-mode subalgebra) in the terminology of and 
later we discuss the other types of representations. The vacuum state (in the NS sector) is 
characterized by 

P^,n\J, V) = 0, Cn>0) , P*Jj, r/) = , Cn>0) , 

^r|j,r/) = 0, (V>0, re^ + Z), (3.24) 
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where \l/ represents all the fermionic fields ijjj, ijjp, ijjp. and ipp*. We assume that j G R and 

< 7] <1. 

It is useful to rewrite this representation ( p.24| ) in terms of the free fields X^, Zi, Z*, ip^, 
ipi and ip*. This is nothing but a Fock representation with the Fock vacuum defined by the 
vertex operator 

V = exp (ijX+ + iriX-) , (3.25) 
where cr^ is the (chiral) twist field. This field imposes the boundary conditions 

idZ^ie'^^'z) = e^^'SdZ*{z) , ij*{e^^'z) = e^^'^'^liz) , (3.26) 

which ensure the locality of Hq super currents. More precisely, cj^ should have the following 
OPEs 

idZi{z)a^{w) ~ (2; — w)~'^t\{w) , idZ*{z)aj^{w) ~ (z — w)'^^^r'^ ri{w) , 
^^{z)a^{w) ~ (z - wYn\{w) , i^:{z)a^{w) ^ {z - wft'\{w) , (3.27) 

where r*.^, r'*^, and t'*^ are the descendant twist fields. This twist operator a.^ has the 
conformal weight 

/i(a,) = 2 X lr7(l - r^) + 2 X Ir^^ ^ . (3.28) 



As already discussed in pHl 11 1, there is the spectral fiow symmetry 



Jn Jn 5 Fn ^ ~\~ P^nfl j Pi,n ^ Pi,n+p i Fi^n ^ F^ Yi—p i (3.29) 
V'J.r ^ ^J,r , ^F,r 'ipF,r , ^P„r ^ '^P^,r+p , ^P*,r ^ ^P;,r-p , (3.30) 

and hence we also consider the "fiowed representation" as the natural extensions of ( p.24| ). 
The vacuum states are given by (where we use p G Z as the spectral fiow number) 

Jo\j,V,P) =j\3,V,P) , Fo\j,ri,p) = {v + p)\j,V,P) , 

Fi,n\j,V,P) = , Cn> -p) , P*Jj,r],p) = , (% > p) , 

^J,r\j,V,P) = , (V > 0) , tpF,r\j,V,P) = , (V > 0) , 

'^P.,r\j,V,P) = , (^r > -p) , ipp;,r\j,V,P) = , (^r > p) , (3.31) 

where n G Z and r G 1/2 + Z. The reason why we should introduce the fiowed representations 
is clear. This spectral fiow symmetry ( |3.30|) is actually the counterpart of that on SL{2; R) x 
SU{2) WZW model and it is not difficult to confirm it directly by taking pp-wave limit (|3.7] ). 



In the case of the AdS^ strings, the necessity of fiowed representations is well-known [25]. We 
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will later focus on the sectors with non-zero spectral flow number p to realize the (almost) 
BPS states and discuss the correspondence with the symmetric orbifold theory. We can again 
realize the flowed representation ( p. 31 ) by means of the Fock representation, in which the 



Fock vacuum corresponds to the vertex operator 

V = exp (zjX+ + i{r] + p)X~) . (3.32) 



A few comments are in order: 

1. We also have other types of irreducible representations of current algebra. The "Type 
III" representations have the lowest weights of zero-mode subalgebra and the eigenvalues 
of F take — 1 < < 0. The "Type I" representations have neither highest weights nor 
lowest weights and the eigenvalues of F are = 0. There are also their spectrally flowed 



representations. As in the case of SL{2] R) WZW model, (see, for example, |2^) the spectral 
flow symmetry interchanges the type III representation with the type II representation. In 
fact, we can easily see that 

T/(n) ^ -1/(111) /O qq\ 

^j,v,p ~ ^i,f?-i,p+i ' yo.oo) 

where Ti-f^p is the flowed type II representation defined by using the vacuum (|3.31|) and 'Hf^^p 
is the flowed type III representation defined similarly. (We must also make the redefinitions 
of fermionic oscillators as ip'p r •= i'P- r+i and ip'p* r •= i^P* r-i to equate the both sides of 
( p.33| ).) Therefore, we only have to consider the type II representation if assuming the spectral 
flow symmetry. We also note that the p > representations correspond to the positive energy 
states and the p < representations to the negative energy ones in the original AdS^ string 
theory. 

On the other hand, the type I representations seem to be the counterparts of the principal 
continuous series in the AdS^ string theory. Because there are no twisted fields in this sector, 
the vacua of type I representations simply correspond to the next vertex operators 

V = exp (ipX- + i{j + n)X+ + ip*Zi + ipiZ*) , n e Z . (3.34) 

If we do not consider the spectral flow {p = 0), there are only trivial massless states with zero 
energy, that do not propagate along the transverse plane {Zi, Z* directions)^. For the cases 
of flowed type I representations (p 7^ 0), many physical states are possible. The spectra of 
^ There is no such massless states in the case of principal continuous series in AdS^ strings. This fact is 
due to the existence of the background charge term Q ^ \J\- However, this term can be neglected under the 
large k limit. This is the reason why there are such extra massless states. 
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light-cone energies in these sectors are continuous and the strings freely propagate along the 
transverse plane. It is quite natural to identify these sectors with the "long string sectors" 



in the AdS^ string |25]. On the other hand, the type II (and type III) representation should 
correspond to the "short string sectors", because they are the counterparts of the discrete 
series in the AdS^ string. The strings in these sectors cannot freely propagate along the 
transverse plane because the string coordinates Zt, Z* are twisted. 



2. We here remark the equivalence 

® '^i+^.'?.p - ® ^3+^^v,P ' (3-35) 

where we denote the right hand side as the Fock representation of free fields X^, Zi, Z*, ip^, 
ipi and ip*. In this sense, we can reproduce the exact physical Hilbert space by using the free 
field representation with no subtlety, (for example, the treatment of screening charges in the 
case of AdS^ strings) and this fact is a great advantage of taking the Penrose limit. 



3.3 Physical Vertices of Superstring on PP-Wave Background 

Now, we analyse the physical vertex operators. We shall concentrate on the short string 
sectors (type II representation) with positive energies (p > 0) for the time being, and we 
will discuss later the long string sectors. In order to construct the physical vertices, it is 
convenient to make use of the free field representation previously discussed. We fix the Fock 
vacuum as 

\j,r],p) = a,e^^'^^+^(''+^')^nO) , < < 1, p G Z>o . (3.36) 

We construct the physical vertex operators explicitly by the so-called DDF operators in the 
covariant gauge. Here we introduce the superghosts (7, /?) or the bosonized ones (0, ^, 77). The 
BRST charge has the standard form of the free superstring theory as 



Qbrst = f c(t- ^(90)^ - d^(f) - ridi + dch^ + rje'^G - h]dr]e^'^ 



(3.37) 



where T and G are the total stress tensor and the superconformal current constructed from 
the free fields X^, Zi, Z*, Y\i;^,ipi, ip* and X\ 

The most important vertex operators are the generators of space-time supersymmetry 
algebra (p.6|), (|2.9| ) and ( p.lO| ) considered above. The generators of bosonic part are quite 



easy. They are nothing but the zero-modes of world-sheet Hq (total) currents; 

J = l^p-e-"^ = lidX- = Jo , 
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T 

V* 



idX- 



p* 



4,0 ' 



(3.38) 



where we implicitly identify the operators by using the picture changing operator. The gener- 
ators of fermionic part are obtained by using the spin fields ( p.23 ) as (in the (—1/2) picture) 



Q++a 



^+++aagiX+g-| ^ Q—a = ^ S+ ^6 



aa^—iX+ —^ 



s- 



e 2 



(3.39) 



These operators manifestly BRST invariant and they can locally act on the Fock space asso- 
ciated with \ j,ri,p) (irrespective of the values of j, t] and p). We can directly check that they 
generate the super pp-wave algebra (p.6|), ( pT9| ) and ( p.lO| ). In particular, we note that 







(3.40) 



which indicates that Q and Q"*" play the role of supercharges with the "Hamiltonian" 
J. 

In order to analyse the spectrum of physical states we further need to introduce the DDF 
operators. Recalling the analysis in AdS^ string theory [l^, it is quite natural to consider 
the "affine extension" of ( |3.38|) and (|3.39| ) as 



V 

' t,n 

V* 

' I, n 
Q++a 



1 



iPiC p+1 e 



1 / , i^-n x+ 

Vp + v J 
1 



Vp + t] 

1 



y/P + V 



S+ °Vp+'' e 2 . 



(3.41) 



These operators are BRST invariant and locally act on the Fock space associated with |j, rj^p) 
(of the fixed t] and p). It is obvious that 



(3.42) 



Note that the supercharges Q^^" do not have such affine extensions because the BRST invari- 
ance cannot be preserved. The DDF operators ( |3.41| ) satisfy the following (anti-) commutation 
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relations (up to the picture changing and BRST exact terms) 

\r V 1 - ^ \7 V* 1 - ^ ~ ^ v* 

[J, = ' = ^Qn"" , (3-43) 

It is also useful to remark that ('Pi,„, Qn^"') and Q^^^") arc the supermultiplets with 

respect to the supercharges and More precisely, we find the relations 

V,,n ^"-^""^ V,,^ 

^ V,,n ^tt"' Q;^^'' , (3.44) 

„ 2"^""' Q--" C n ■ (3.45) 

The explicit forms of the (anti-)commutation relations are summarized in appendix B. 

In order to construct the remaining DDF operators for the directions, it is convenient 
to relabel the fermions A' as 

A+- = -^(A^ + zA^), A-+ = -^(-A^ + .A^), 

= -^(-A^-iA^), A- = ^i-X' + iX'), (3.46) 
and the free bosons Y"^^ are defined similarly. These have the following OPEs 



X''\z)X^\w) , Y''\z)Y^\w) - -e"''e^''ln(^ - w) . (3.47) 

z — w 



The DDF operators can be then given by 



Vp + vJ Vp + v 

Vp + vJ 



B-± = ^^/5++-T±e^^^%-t , (3.48) 

Vp + v-' 



and they satisfy 



r Aaa Abb] _ ^ X ab ah rtoaa tspi,] _ r ab ab 

Tt 71 
[^^^n]-^^n\ [J,^r]=^^r- (3.49) 
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The pair of {A'^,B'^°') again become supermultiplets with respect to Q^"^"^ (see appendix B 
for the more precise relations) 

•^n '^n -^n 

^ At Bft Xlr"^'' • (3.50) 

Finally we discuss whether or not the other vertex operators can be constructed from the 
remaining spin fields S""^^^"^ and S*"^^^^, which are allowed by the GSO condition. The 
locality condition requires the "dressing" of the factors like e , however these factors 

are not compatible with the BRST invariance. Therefore, we conclude that {Vi^n, Q^^"), 
{'P* 2n i-^T^^n'^) ^^c complctc sct of DDF opcrators. 



3.4 Spectrum of Physical States 

Because we have presented the complete list of DDF operators, it is now easy to construct 
general physical states. More precisely speaking, we are interested in the physical states corre- 
sponding to the almost BPS states in the original AdS^ x superstring theory characterized 
by 

A + g~A;>l, A-g<A;, (3.51) 

where A represents the space-time energy, (measured by — Jg in the original AdS^ string 
theory) that is identified as the conformal weight of the boundary conformal field theory, and 
Q represents the space-time R-charge (measured by K^). This condition is equivalent to0 

J^~l, \J\<^k, (3.52) 

and all string excitations satisfy this condition in the pp-wave limit k —>■ +oo. The BPS states 
correspond to the cases of J7 = and belong to the short multiplets of the superalgebra ( p.38|) 
and (|3.39|) . The condition JF ~ 1 only leads to the restriction p > 1 with respect to the spectral 
flow number p. (we only consider the positive energy states.) 

We concentrate on the sectors with no momenta along direction for the time being. It 
is not difficult to write down the complete list of BPS states for each of the fixed p and t]. In 
the NS sector, we obtain (where we focus on the left-mover only) 

\uj^;t],p) = V^i,_i+^|0,r/,p) ® ce~'^|0)gh , 

=^2,-i+,|0,r?,p)®ce-<^|0)gh , (3.53) 
•^In our convention, the BPS inequality is equivalent to < 0. 
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and we have two more BPS states in the R-sector as 



0,ri,p) ® ce~2 |o) 



gh 



(3.54) 



Here, we point out the next relation, which is useful for our discussion 



,+ (-4) 







fin 



(-d) ^ 



(3.55) 



Now, there is an obvious correspondence with the "chiral part" of the cohomology ring of 
by identifying Bq"" with the holomorphic one-form dZ"- on T'^. Therefore, emphasizing the 
correspondence to H*{T^), the non-chiral BPS states can be explicitly written as 



(3.56) 



These states have the degenerate charge J-' = p + rj for each sector of p and rj. 

We can construct the other types of physical states by making the DDF operators ( |3.41|) 
and (|3.48| ) act on these BPS states. We first note that the BPS states are actually the Fock 
vacua with respect to (|3.41| ) and (|3.48|) ; that is 



V,,n\oo;r],p) = , Cn>0), Jo;; r/,p) = , Cn>0), 
Q++"|^;r/,p) = 0, (%>0), r^, p) = , (% > 0) , 

^f|a;;r/,p) = , (^n > 0) , i3fk;r/,p) = , (^n > 0) . 



(3.57) 



(For Bq"-, see ( p.55| ).) We hence obtain 



K?oiai 

— rii 



— mi 



— ni 



++bi 



\uj;t],p) 



(3.58) 



as typical physical states. These states become almost BPS under the condition 

1 



\J + J\ 



p + r] 



Y.^i + Y.i'^i -V)+ + V) I 

V i i i / 



(3.59) 



which is always satisfied for sufficiently large k. Other states can be obtained by multiplying 
the supercharges Q^^". In order to consider the level matching condition, we must keep it in 
mind that our free field representation corresponds to choosing different coordinate systems 
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for the left and right movers as discussed in [11]. Hence we can include the non- vanishing 
"helicity in the transverse plane" — = G Z, and the level matching condition becomes 

\ i i i / 

+ E(^^ + E(^« + V)j e (p + r7)Z . (3.60) 

\ i i i / 

We should note that under the limiting procedure k —>■ oo, huge number of stringy exci- 
tations of the original AdS^ superstring theory are included in our physical Hilbert space of 
string theory on pp-wave background. These states could correspond to very massive states, 
(which could possess very large energies —Jq) although they have the small jT-charges. This 
fact gives us a theoretical ground for making it possible to identify a lot of stringy excitations 
with the objects in the dual theory as in [Q. 

In order to complete our discussion we must also consider the sectors with non-trivial 
momenta along T^. It is easy to show that there are no BPS states in these sectors. However, 
it is possible to construct the almost BPS states. We only consider a rectangular torus for 
simplicity and use Ra (a = 1,2,3,4) as the radii. The momenta of sector can be written 
as 

Ha W^'Ra Ua W^Ra / ^ „x , . 

Pa = -^ + ^, Pa = -^-^, (n„^i;'^GZ), (3.61) 

where and w"" are the KK momenta and winding modes, respectively. Here we use the 
convention a' = l1 = 2. The simplest physical states (in NSNS sector) have the next form 

^,_i+,^,_i+,|j,J,r/,p;n„w;'^) ®cce-<^->)g, , (3.62) 

where \j, j,r],p;na,w"') corresponds to the vertex operator 

The on-shell condition leads to 

J = -^^-^y.Pl, J = - . ^ . TpI, (3.64) 
2(p + r/)V 2(p + r7)V " ^ ' 

and the level matching condition j — j G Z amounts to 

G (p + r/)Z . (3.65) 

a 

The general physical states are obtained by making the DDF operators ( p.41| ) and ( p.48| ) and 
supercharges Q^^" act on the above states ( ^3.62] ). The condition for the almost BPS states 
is again given by 

\J + J\<^k, (3.66) 
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and the level matching condition is 

J-JeZ. (3.67) 
We have again huge number of stringy states for sufficiently large k. 

Finally we make a few comments: 

1. The spectrum of light-cone energies is given by ifi.c. = —{J + J)- In particular, in the 
case of p = (although we are interested in the cases of p > 1), we can obtain 



V \ a a / 



(3.68) 



where N and N are the mode counting operators and J and J are the "angular momentum 
operators" . They act on the DDF operators as 

[N, a„] = -na„ , (a = v,,n, „, ^f, ^r) , 

[J, On] = -On, {On = V.,n,Qi^n , 

[j,a] = a, {On = vin,Q--n , 

[J,a] = 0, iOn = At,BT). (3.69) 
The level matching condition is expressed a.s J' — S = h & Z, which leads to the conditions 



N — N = and J — J = /i G Z for generic value of r], as discussed in |jTT[. This spectrum is 
consistent with the result given in |^ (and the appendix of P]). 

2. We can also construct many physical states in the sectors of spectrally flowed type I 
representations. The analysis is quite easy because it can be described by the usual free 
fields without twist operators. As we have already mentioned, it is plausible to suppose that 
they correspond to the long strings in the AdS^ string theory [^, |S^, More precisely, 
the strings in these sectors possess a continuous spectrum of the light-cone energies and can 
freely propagate along the transverse plane. 

The corresponding excitations do not seem to exist in the symmetric orbifold theory, 
which we will analyse in the next section, because it only includes the discrete spectrum. The 
existence of such continuous spectrum in the pp-wave strings reflects the non-compactness of 



the background, and is presumably related to the singularity of the type discussed in p2 |. 
On the other hand, the symmetric orbifold theory corresponds to the "smooth point" in the 
moduli space of NS1-NS5 system with the non-vanishing world-sheet theta angle. From this 
reason the absence of the continuous spectrum does not indicate a contradiction. The detailed 
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analysis of such singularity and the aspects of long string sectors will be significant subjects 
for our future study, however we shall not discuss them any more in this paper. 



4 Comparison with Sym (T ) cr- Model 

The well-known candidate of the dual theory of the superstrings on the AdS^ x S*^ x is 
the A/" = (4,4) non-linear a-model on the symmetric orbifold space Sym^{T'^) = {T^)^'^ / Sm, 



where M = Q1Q5, for sufficiently large Qi and [jT6|, [T^. (Qi and are the NSl and 
NS5 charges, respectively.) The charge can be identified as the level k of SL{2; R) and 
SU{2) WZW models. The charge Qi should be the implicit upper bound of spectral fiow 



number p. (See, for example, [IS]. Of course, p should not be bounded from the viewpoints 
of perturbative string theory. However, we take anyway the large Qi limit as well as large 
Q5.) The main subject of this section is to analyse the spectrum of BPS and almost BPS 
states with large R-charges Q(~ ^ 1), and compare the spectrum of short string sectors 
with positive energies, which was studied in the previous section. To this aim, we start with 
a short review of Sym^'^T'^) cr-Model. 



4.1 Short Review of Sym^^{T^) d-Model 

The A/" = (4, 4) superconformal field theory defined by the supersymmetric a-model on 
symmetric orbifold Sym'^^ (T^) = {T'^Y'^ /Sm is described as follows. We use 4M free bosons 
X"^^ (y4 = 0, 1, 2, . . . , M — 1, a, a = ±) and free fermions \E'"^-) and ^"X) fundamental 
fields. The superconformal symmetry is realized by the following currents (where we only 
write the left-mover) 

A 

^""(^) = -^E^a.*S)<^)- (4-1) 
^ A 

These generate the = 4 (small) superconformal algebra (SCA) with central charge c = 6M. 

In our convention, we set = e 1- = 1 and e ^ = e+_ = — 1, and the OPEs of free fields 

are written as 

^(1)(^)^(%(0) ~ -^ABe-^V^lnz , ■^"\z)-^^\Q) ~ 5ab ■ (4.2) 
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The usual convention of SU{2) current is given by = K^^ = K ^ and K"^ = ±K^^. The 
subalgebra of "zero-modes" {L±i, Lq, G^i/2' -^o^} the counterpart of the right mover 
compose the super Lie algebra PSU{1, l|2)i x PSU{1, l\2)fi. This subalgebra corresponds to 
the super symmetric algebra on the AdSs x geometry, as we already mentioned. 

According to the general approach to the orbifold conformal field theory we have 
various twisted sectors corresponding to the each element g of Sm- The Hilbert space of each 
twisted sector is defined with the following boundary condition {z = e'^^^'^) as 

$(^) (r, a + 27r) = (^g^^) (r, a) , (4.3) 

where $(a)(t, a) represents X^2_)^ ^"a) ^{A)- We should take the projection onto the 
S'M-invariant subspace. 

Because an arbitrary permutation can be decomposed by cyclic permutations, it is stan- 
dard to label each twisted sector by a Young tableau (A^^i, . . . ,Ni), in which each row corre- 
sponds to the ZAT^-twisted sector. In the context of AdS^/CFT2 correspondence, (see, for ex- 
ample, [0) each Z/vT^-twisted sector describes a single-particle state and (A^i, . . . , Ai';)-twisted 
sector describes the Hilbert space of /-particle states. In order to compare with the physical 
spectrum of first quantized superstring theory, it is enough to focus on the single-particle 
Hilbert space. Hence, we shall concentrate on the Zjv-twisted sector (A^ < M) from now on. 

We label the objects in this sector by the index A = [{Aq), . . . , {A]\r^i)], where Ai = 
0, . . . , N — 1 such that Ai ^ Aj for ^ j. The string coordinates of this sector are defined 
on the world-sheet < a < 27r, which is rescaled from the A^-times one < a < 27rA^. These 
coordinates are given by 

$_4(r, a) = <^(Ar){r, Na - 2nr) , 

27rr 27r(r + 1) , , 

-^<^< \ . r = 0,l,...,Ar-l , (4.4) 

where $ represents the fields X"-"-, and These variables -^(^), ^^X) and can be 
used to construct the A/" = 4 superconformal currents {L(_4)^„, G'^X),r-: ^{A) n) with the central 
charge c = 6 in the manner similar to (|4.1|) . However, we have to impose the ZTv-invariance 
condition on the physical Hilbert space as 



L^A),o - LiA),o e NZ . (4.5) 

The superconformal currents compatible with this condition ( [4.5| ), which can act on the 
physical Hilbert space independently of the right movers, consists only of the modes of n G 
A^ZQ More precisely, the superconformal currents describing properly the ZAr-twisted sector 

"'The fractional modes, e.g., L.g, = j^Ln (where n ^ NZ), can also act on the physical Hilbert space. 
However, in that case, the left and right movers are not independent and restricted by the condition (4.5). 
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{L„, kf} should be defined as follows 0, || (from now on, we shall omit the label A 
for simplicity and only present the NS sector) 

r _ 1 r ^'-^x 
^.a ^ I ^G%^'"'' , (iV = 2g + 1) , 



r 



1 PGX^''^ , {N = 2q) 



Kf = Kf . (4.6) 

One can check directly that these operators generate the Af = 4 superconformal algebra with 
c = 6A^. The anomaly term in the expression of corresponds essentially to the Schwarzian 
derivative of the conformal mapping z i — > . We should note that the modes of hatted 
currents are counted by Lq. 

From these definitions (|4.6| ) we can find that the vacuum |0;A^) of Zjy-twisted sector 
possesses the following properties: 



N = 2q + l 



- 1 

Lo\0; N) = ^^\0; N) , 

k^\0;N) = 0. (4.7) 



• N = 2q 

/jV^ - 1 1 \ 
LJO; N) = + — ]\0-N) = —10; N) , 

k',\0; N) = -^\0; N) . (4.8) 

When is even, the supercurrent G'^"' in the NS sector is made of the one in the R sector 
before imposing the Zjy-invariance. The extra vacuum energy "4^" and the extra R-charge 
"— I" in the case of = 2g originate from this fact. 

Now, we focus on the BPS states (chiral primary states) in this Z^v-twisted sector, which 
are defined by the next conditions 

Ln\a) = Ln\a) = , (^n>l), 

= G^la) = , (V > ^) . (4.9) 
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These conditions lead inevitably to 

{Lo-Ki)\a) = . (4.10) 
At this point it is not difficult to present the explicit forms of all the possible BPS states 



in the Zjv-twisted sector. (See, for example, They are written as 



iJ'^''^^; N) = \u''; N) (g) {Wi; N) , ^^cj^^'^") G i7^'«"(T^) , {q,q = 0, 1, 2) , (4.11) 
where the left(right)-moving parts are defined by 
• = 2g + 1 

2 

1^2. ^ ^+1^+7 |cu°; N) . (4.12) 



N = 2q 



q-l 

\uj'';N) = n ^^l^^±|0;Ar) , 

2 

1^2. _ ^++^+7 1,^0; N) . (4.13) 

2 2 

It is easy to check that 

Lo|cj(«'«); AT) = AT^Icu^"'?); AT) = ^ ^ ^ ~ V ^'''^; ^) , 

Lo|cj(5'«); A^) = i^olu;^^'''); A^) = V ^'''^; ^) • (4-14) 

4.2 "PP Wave Limit" of Sym^^{T^) cr-Model and Comparison with 

the Superstring Spectrum 

Now, we focus on the (almost) BPS states with large R-charges. As we observed in 
( [4.14| ), Lq + Kq takes the value of order 0{N) for the BPS states in the ZAr-twisted sector. 
In the context of AdS3/CFT2 correspondence, Lq and Kq are identified with — Jq and Kq, 
respectively, which are the zero-modes of the total currents in 5'L(2;R) and SU{2) super 
WZW models. Recalling the relations (|3^ ), we must take the identification 



J ^ K'q-Lo, T ^ l{K^o+Lo) . (4.15) 
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Therefore we should consider the case in which N ^ k ^ 1. We should also assume that 
1^0 — Lq\ k. In this situation, it is very useful to introduce the next "pp-wave limit". We 
redefine 

K?±d' _ ■a,±a Aaa' _ ^ ^gyaa 

+ 2+ JV ^J N 

AT \ ^ 

N 



(0'_ 1 / ^ f f N 



P 'n = — ^ -r ;L,.k+i - -1]K 



y/Nlnk-l — \nk-l J — 

' 2,n — ^-f^ -, I nk+l , I 2,n — /IT? l-l-2itd ' 



Q+-=t' = ±G-/^ Q-+=^' = ±G^^/2, (4.16) 

where / runs over the range I = 1,2, . . . , k — 1, and take the large k limit with keeping JF 
finite. Remarkably, these operators satisfy the same (anti-)commutation relations as ( p.43| ) 
and ( p.49| ) with the identification N = pk + I and rj = l/k under the large k limit. Strictly 
speaking, the mode expansions of twisted a-model coordinates idX"-"' and \E'"" depend on 
whether is even or odd. (Recall the discussions in the previous subsection.) However, we 
can neglect safely the difference 1/2N under the assumption of large A^. It is quite important 
to note that there is the equal number of degrees of freedom after taking such large N limit. 
The Hilbert space of Z^v-twisted sector is spanned by the free oscillators \E'^" , „ and idXT. 
For each energy level, there are the equal number of bosonic and fermionic oscillators defined 

ill). 



m 



At this stage, we can compare the spectra of BPS and almost BPS states with the su- 
perstring spectrum. As already mentioned, the spectrum should be compared with the short 
string sectors with positive p > 1. We again forget the sectors with momenta along sector 
for the time being. 

First, we consider the BPS states. We start with the simple consideration of degrees of 
freedom. At least with respect to the BPS states, we can expect that the equal number of 
physical states exist in both of the superstring theory on AdS^ x x and the pp-wave 
background. This statement is valid as long as the pp-wave string theory is defined by the 
contraction ( ^.7| ). Fix the spectral flow number p{> 1). It is known [^, that, roughly 
speaking, there are about k x dim if*(T^) BPS states with the R-charges |/cp ~ Q ~ ^k{p + l) 
in the string theory on the AdS^ x x T^. This values of R-charges amount to = p + l/k 
{0 < I < k), for each of the spectrally flowed sector. Therefore, we should assume t] = l/k 
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(/ = 1, 2, . . . , A; — 1), so that the following physical Hilbert space 

^S-wave = ^pp-wave(p, V = I / k) (4.17) 
I 

includes the equal number of BPS states as those of AdS^ x x superstring theory^. 

Turning to the symmetric orbifold, we consider the following direct sum of the single 
particle Hilbert spaces of the ZAr(i) twisted sectors, (where we set A^(/) = kp + I {0 < I < k)) 

<L = 0^symm(iV(/) = kp + I) . (4.18) 
/ 

It is obvious that 'H^ylam Tippl^avc have the equivalent spectrum of BPS states. We also 
point out that the identification Bq"" (= ^I'^i) = B^^ is consistent with the relation between 
(^) and ( CT) , (EH)- 



Next, we consider the almost BPS states. Once we admit the correspondence of rj = l/k, 
it is not difficult to find the almost BPS states in H^sylam that correspond to the stringy 
excitations of the string theory side. First, we rewrite the DDF operators ( p. 411) and ( p. 4^ ), 
which act on the Hilbert space Hpp-waveiPjV = l/k), as vf\, V*^n ^^^^ so on. We also rewrite 



the operators ( [4.16|) as Pf^'' , V*^n'''' and so on, for each ZAr(j)-twisted sector ?^symm(-^(j)) 
(where 1 < I < k — 1 and 1 < j < k — 1). The "diagonal terms" (e.g., V^^'^ ) generate 
the superalgebra equivalent to that of DDF operators V-'']^ , V*^^n ^^^1 so on, as we already 
mentioned. Now the correspondence is obvious. The non-trivial consistency check is only the 
level matching condition. In the symmetric orbifold theory side, the level matching condition 
is given by 

Lo-LoGZ. (4.19) 

This condition is consistent with the result of string theory side ( p.60|) under the above 
correspondence of DDF operators. 

However, we should note here that the string Hilbert space 7i[,p-*_wave strictly smaller than 
that of symmetric orbifold; that is to say 

n-/{p) S yip) (A 20) 

' ''pp-wave / ' ''symm ' \ ^ ^/ 

In fact, the "non-diagonal terms" (e.g., Pfj^^ with / ^ j) have no counterparts in the string 
side. Therefore, we cannot define the corresponding DDF operators as local operators on the 



'''The threshold values / = and k cannot be included because there is a restriction < 77 < 1 in the 
type II representations. Moreover, the states with I — k — I corresponds to the missing states in the original 
AdSz X string theory for each p. (See, for example, |2^.) One might worry that rj should be continuous 
in principle. These subtleties are, however, harmless for sufficiently large k. 
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string Hilbert space. These missing states in the string spectrum may be compensated by 
non-perturbative excitations. Because we are now assuming the small string coupling, the non- 
perturbative excitations usually become very massive. Under the assumption of large k, the 
space of almost BPS states can include such very massive excitations in principle. However, 
our world-sheet analysis as a perturbative string theory cannot include such excitations. This 
is the reason why there are many missing states in the string side. The non-perturbative 
analysis will be an important task for future study. 

Finally we consider the sectors with non-vanishing momenta. As in the string spectrum, 
there are no BPS states in these sectors, however there are many almost BPS states. Recall 
that J' = Kq — Lq and Lq = -^Lq + . The operator Lq includes the contribution of 
momenta with the standard normalization. Hence, we find that the contributions of momenta 
to J' and S are given as follows (for the sector ?isymm(A^(0) with A^(/) = kp + 1) 

2iV(/)^U,+ 2 ; ' 2iV(0^Ua 2 ) '^^-"'^ 

where n'^ and w'" are KK momenta and winding modes as before. The level matching condition 
for the vacuum state can be read as 

y^nW^ e N{l)Z . (4.22) 

a 

By comparing the analysis given in the last section (under the identification rj = l/k), we 
obtain the following correspondence between the spectrum of string theory and that of the 
symmetric orbifold theory as 

< = Vkua , w'" = y/kw^ , (4.23) 

where Ua and w"" are the zero-momenta in the string theory sideQ 

We have observed that there are again many missing states in the string theory side. The 
essentially same aspect was already pointed out in the context of string theory on AdS^ x x 

[^]. It may be worthwhile to comment on how such discrepancy is removed if assuming 
the fractional string excitations. These excitations do not exist in the perturbative string 
spectrum and may be at least explained in the S-dual picture. The existence of k = NS5 
leads to the fractional string with the tension T = T/k, where T represents the tension of 
fundamental string. If we measure the radii of T'^ by the unit of string length = 1/a/T, 
namely, Ra = rJs, the momenta ( p.Glj) becomes 

Pa = U- + w'^r^ , p^ = U^- w\^ . (4.24) 



^ Although ^/k is not an integer in general, we can approximate it by [V^;], because we are now assuming 
large fc, such as ^ 1- 
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For the fractional strings, we should replace the string length Ig with Ig = y^lg. Thus, we 
obtain 

and the extra factor 1 / ^/k completely compensates the spectrum of missing states. 



5 Extension to the Case of Hq x T^/Z2 

In this section, we extend our previous analysis to the case of superstring theory on 
Hq X T^/Z2 background and the symmetric orbifold Sym'^{T'^ /Z2). We again find the good 
correspondence for the (almost) BPS spectrum. 

5.1 Spectrum of Superstring on Hq x r^/Z2 
The Z2-orbifold action acts on the string coordinates as 

Moreover, we assume the action on the free bosons and H^, which are bosonizations of 
A'^'^, as 

H3 ^ H3 + n , H, ^ H^-n , (5.2) 

so that the space-time supersymmetry is preserved. In fact, we can directly check that all 
the generators of super pp-wave algebra {J',J-',Vi,V*, defined in ( |3.38| ) and ( p.39| ) are 



invariant under ( |5.1| ) and ( [5.2| ). As for the DDF operators ( p.41| ) and ( p.48| ), the orbifold 
action reads as 

-At, Bt — , (5.3) 

and the other DDF operators are invariant under this action. 

Now, we write down the spectrum of (almost) BPS states. 

1. Untwisted sector 

The analysis of the untwisted sector is quite easy. First, we consider the BPS states. 
All the task we have to do is to leave the Z2-invariant BPS states in the case of T^. Only 
the NS-NS and R-R BPS states are left and the NS-R and R-NS BPS states are projected 
out. Thus, we obtain 8 BPS states for each p and 17, and they are identified with the even 
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cohomology of T^. As for the almost BPS states, we first consider the following Fock vacua 
as 

\i,i;3,3;V,P',na,w°'; (±)) = j, j;7],p;na,w"') ± j, j;r],p; -Ua, -w") , (5.4) 

where j, j]ri,p]na,w°') represents the physical state with the non- vanishing momenta 
along T^, which was defined in ( p.62| ). Clearly, the (NS-NS) BPS states are realized as the 
special cases of such physical states; that is |z, i; 0, 0; ?7,p; 0, 0; (+)). (R-R BPS states can 
be obtained by multiplying Bq"" and Bq"'.) The general physical states are constructed by 
multiplying the DDF operators and supercharges Q^^"' as in the case of T^. We only need 
the following additional constraint as 

^{B^t + ^{B'lt = even , (for the Fock vacua ■ ■ ■ ; (+))) , 

^{BZ, A'^^J + ^{BZ, = odd , (for the Fock vacua ■ ■ ■ ; (-))) . (5.5) 

2. Twisted sectors 

There are 16 twisted sectors that describe stringy excitations around each fixed point of 
orbifold action. For each twisted sector, we need to consider the following boundary conditions 

as 

X^^e^'^'z) = -X^^z) , (for NS sector) , 

X^^e^'^'z) = A""(2) , (for R sector) , (5.6) 

and moreover, 

Hsie^^'z) = H^{z) + vr , H^{e^^'z) = H^iz) - tt . (5.7) 

First, we consider the BPS states. In the NS vacua, there are both of the bosonic and 
fermionic twist fields; a^^, dg^, whose conformal weights are equal to 

MO = M4j=4xl = i, /i(a4) = M4j =4x1 = 1. (5.8) 

Based on this fact we can observe that there are no BPS states in the NS-NS, NS-R and 
R-NS sectors. On the other hand, the R vacua can include only the bosonic twist field a^^ 
and only the spin fields along the direction, which we express as 5'^'^'^^^^. This fact leads 
us to a unique R-R BPS state (per each twisted sector), which is explicitly written as 

|0, r/, p) ®cce-^^ |0)g, . (5.9) 
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In this way, we have found the 16 R-R BPS states in the twisted sectors for each p and rj. 
They correspond to the blow-up modes of T^/Z2 orbifold and reproduce the cohomology ring 
of K?) together with the contributions from the untwisted sector. 

The other physical states are also straightforwardly constructed. Contrary to the un- 
twisted sector, the states with non-trivial momenta along are not allowed. Thus, we only 
have to consider the states created by the actions of DDF operators over the BPS states ( |5.9| ). 
The only non-trivial point is that the modes of DDF operators should be half integers 
r G I + Z in this case. This fact originates from the boundary condition ( p.7[ ). We again need 
the constraint 

tl{i3^t, ^"tl + tl{^^"., ^-t} = even , (5.10) 
to preserve the Z2-invariance. 

5.2 Comparison with Sy m^^ {T'^f Z2) cr-Model 

The Z2-orbifoldization of Sym'^^ {T^) cr-model is defined by the action 

-XIX^, VI/- -VI/- . (5.11) 

This action preserves the M = (4, 4) superconformal symmetry. We again study the single 
particle Hilbert space of ZAr-twisted sector with N = pk + I (0 < / < A;), as in the previous 
section. 

We first consider the spectrum of BPS states. In the untwisted sector of Z2 orbifoldization, 
only the Z2-invariant BPS states survive. They correspond to the even cohomology of T'^. 

The analysis of the twisted sectors is more complicated. Focusing on one of the twisted 
sectors corresponding to the 16 fixed points, we can observe the following aspects: 

• N = 2q+l 

We have the mode expansions idX^^ j_ and \E'T, [n G Z) and we obtain for the NS 
vacuum |0; A^)^*-* 

io|0;A'><"^(^ + ^)|0;iV)'".^|0;iV)"), 
i^3|0; = _1|0; A^)W . (5.12) 



2' 



N = 2q 



27 



We have the mode expansions idX°^ j_ and ^'T, j_, {n e Z) and we obtain for the NS 

N'2N N'2N 

vacuum |0; A^)^*^ 

i^3|0;Ar)W = . (5.13) 

In these expressions the extra zero-point energies and R-charges assigned to the NS vacua are 
due to these twisted mode expansions. Based on these aspects, we can find out the following 
BPS state that is unique for each of the twisted sectors as 



\L0 



and we obtain 



(1'^); Nf^ = \uj\ Nf^ (8) Nf^ , (5.14) 

\uj';Nf^ = n ^+t^^i|0;iV)W , {N = 2q + 1) , 
i=o " " 

lu^Nf^ = 11 ^+l_^*+i_^|0;7V)(*) , {N = 2q) , (5.15) 

. „ N 2N N 2N 

1=0 

Lo\u;';Nf=K',\uj';Nf = ^\u;\ Nf . (5.16) 

In summary, we have obtained 8 + 16 = 24 BPS states, which precisely correspond to the 
cohomology of K3 for each of the ZAr-twisted sectors. They have (approximately) degenerate 
charges T{= {Kq + Lo)/k) = p + l/k, and J'{= Kq — Lq) = 0. As in the case of T^, we have 
a good correspondence between the string theory and symmetric orbifold theory under the 
identifications N = kp + I and rj = l/k. 

With respect to the almost BPS states, the discussion is almost parallel to the case of 
T^. We can explicitly write down the complete list of almost BPS states in the symmetric 
orbifold theory and compare it with the string theory result by using the identification of 
DDF operators, as before. However, in this case, we must identify the DDF operators i3° 



n+: 



(where n G Z) in the twisted sectors with ^ i , li* , _fc_ rather than ^ i , nfc- (We again neglect 

T 2 + A? + 2JV "F 2 + AT 

the small difference of mode 1/2A^.) The short string spectrum is again completely embedded 
in the Hilbert space of symmetric orbifold theory and there are many missing states. 



6 Conclusion 

In this paper we have studied the correspondence between string theory on pp-wave back- 
ground with NSNS-flux and superconformal theory on symmetric orbifold SymP'^^^{M^), 
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where = T'* or T'*/Z2(= K?)). Superstring theory on the pp-wave background is obtained 
as the Penrose hmit of superstring on the AdS'^ x x with NSNS-flux [27|. This the- 
ory is described by a noncompact WZW model with the target manifold of 6-dimensional 



Heisenberg group (Hq). We employed current algebra approach according to |28| and quan- 
tize the system in the covariant gauge. By making use of the free field representation, we 
have explicitly constructed the physical vertices that correspond to the generators of global 
supersymmetries and the complete set of DDF operators. The spectrum of physical states 
is classified by the "short string sectors" and "long string sectors", as in the AdS^ string 
theory |^ . The latter has a continuous spectrum of light-cone energy and the strings freely 
propagate along the transverse plane, while the strings of the former cannot propagate along 
the transverse plane. 

We have compared the general short string excitations with the single particle Hilbert 
spaces included in the symmetric orbifold theory. We have shown that all the the short string 
states are successfully embedded into the Hilbert space of symmetric orbifold theory. At 
this point, our analysis of DDF operators played an essential role. We have also found the 
existence of many missing states in the string Hilbert space, which should be understood as 
non-perturbative excitations. 

It has just begun to study the duality between string theory on pp-wave backgrounds and 
boundary conformal field theory. Among other things, it is a very interesting and challenging 
problem how we should explain the origin of missing states mentioned above. For this purpose 
it may be a suggestive thing that our Hq string theory can be described by the conformal 
theory reminiscent of C^/Z^ model under our identification r] = l/k. Roughly speaking, this 
seems to originate from the well-known fact that the k NS5 system should be the T-dual of 
CVZfc ~ ALE{Ak-i), although the original AdS^ x background is known to be located 
at the different point in the moduli space^ In any case, the similarity with the C^/Z^ model 
seems to imply the existence of fractional string excitations, if we take a non-perturbative 
approach, say, the matrix string theory ||3^. As we discussed in section 4, such excitations 
may give a good explanation of the missing states. 

Another important problem is to determine the interactions from the world-sheet tech- 
niques by calculating the correlation functions. Recently, the interactions in string theory 



on pp-wave backgrounds with RR-fiux have been investigated [12|. It may be interesting 



to analyse the string interaction in our NSNS-model and compare it with the results of the 
RR-background. 



^The C^/Zfc model corresponds to the point with non- vanishing world-sheet theta angle 6 — l/k, but the 
AdS^ X model should correspond to the point oi 9 = 0. However, the difference become negligible in the 
large k limit. 
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Appendix A Gamma Matrices 

The cocycle factors of spin fields are defined by means of the gamma matrices. We here 
summarize the convention in this paper; 



r±o = c7± (g) 1 (g) 1 (g) 1 (g) 1 , 

r±i = (T3 (g) (7± (g) 1 (g) 1 (g) 1 , 

r±2 = (73 (g) (73 (g) (7± (g 1 (g) 1 , 

r±3 = (73 (g (73 (g (73 (g (7± (g 1 , 

r±4 = (73 <8 (73 <8 (73 <8 (73 (g) Cr± , 



where we use the usual Pauli matrices as 







i] 








^1 


\ 


(7i = 
























) 









and a± — |((7i ± i(72). We use the charge conjugation matrix as 

C = e(g)(7i(g)eg)(7i(g)e, e = ia2 , 

which has the property as 

CT^c-i = -(r^)^ , ct = . 

Then the OPEs including spin fields are given as follows 



S^{z)S''{w) 



1 



— w) 2 

1 



z — w 

1 



{z — w) 



(A.l) 



(A.2) 



(A.3) 



(A.4) 



(A.5) 
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Appendix B Supersymmetry of DDF operators 

Supertransformations of DDF operators under the action of Q^^" are given in ( p.44| ), 
( ^.45| ) and ( |3.5CI| ). In this appendix, we write them in exphcit forms. For DDF operators 
corresponding to "affine" Hq extension, they are given by 

IS"""- J = • p.- J = • 

{Q-+",Qr'}=e'^'^2,n, Qn'"} = e^'Vl^ . (B.l) 

For DDF operators of sectors, they are given by 
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